Abstract-We apply the transformation-optics approach to the design of a metamaterial radome that can extend the scanning angle of a phased-array antenna. For moderate enhancement of the scanning angle, via suitable parameterization and optimization of the coordinate transformation, we obtain a design that admits a technologically viable, robust, and potentially broadband implementation in terms of thin-metallic-plate inclusions. Our results, validated via finite-element-based numerical simulations, indicate an alternative route to the design of metamaterial radomes that does not require negative-valued and/or extreme constitutive parameters.
I. INTRODUCTION
T HE past two decades have witnessed an exponentially growing interest in electromagnetic (EM) "metamaterials" [1] - [3] . These are artificial materials, typically consisting of electrically small inclusions in a host medium, engineered so as to attain unconventional EM responses, not necessarily limited by the material properties available in nature.
From the computational viewpoint, the analysis and design of metamaterials represent quintessential multiscale problems, characterized by several characteristic sizes spanning orders of magnitude: from the electrically large size of many operational scenarios of practical interest, through the wavelength-sized spatial variations of the effective constitutive parameters required in typical designs, up to the deeply subwavelength sizes of inclusions utilized for practical implementations. Moreover, after the initial focus on EM, interest has rapidly spread to other disciplines [4] , and multiphysics applications are becoming increasingly relevant [5] - [7] .
Metamaterial synthesis has several traits in common with inverse-scattering problems [8] , and likewise poses some formidable computational challenges. Within the emerging framework of "metamaterial-by-design" [9] , the "transformation-optics" (TO) approach [10] , [11] stands out as a systematic strategy to analytically derive the idealized material "blueprints" necessary to implement a desired fieldmanipulation interpreted as a local distortion of the coordinate reference frame. Several extensions have also been proposed in order to accommodate effects (e.g., nonlinear, nonreciprocal, bianisotropic, magnetoelectric, artificial moving, space time, nonlocal, non-Hermitian, topological) and observables (e.g., resonances, optical forces, density of states) not encompassed by the original formulation (see, e.g., [12] - [26] ). Moreover, a variety of mechanisms can be exploited in order to reconfigure the metamaterial response [27] . The reader is also referred to [4] , [28] , and [29] (and references therein) for recent reviews of EM applications as well as extensions to other disciplines.
In this paper, we apply the TO approach to the design of a metamaterial radome capable of extending the scanning angle of a phased-array antenna. It is well known that, in typical phased arrays, the scanning angle is practically limited to ∼ ±60 o from the broadside direction [30] . In this context, a suitably designed metamaterial radome appears as an attractive alternative to typical mechanical-augmentation systems, in terms of size, weight, and complexity. A first metamaterial-based radome for extending the scanning angle was proposed and successfully realized by Lam et al. [31] , [32] . Such design is heavily based on bruteforce numerical optimization, which results in a nonlinear (and difficult to control) relationship between the input and output angles. Moreover, it relies on negative-index media [33] , whose metamaterial implementations [34] are known to be highly dispersive and prone to losses; this inherently curtails bandwidth and efficiency. In [35] , Sun et al. proposed a different, TO-based approach to design 2-D arbitrarily shaped metamaterial radomes yielding a desired (e.g., linear) relationship between the input and output angles. To overcome the significant complexity of the resulting (anisotropic, inhomogeneous) transformation medium to be implemented, the same authors subsequently put forward In the transformed space, a coordinate mapping embedded in the annular region R 1 < r < R 2 , −π/2 < θ < π/2 (delimited by the bluedashed contours) locally distorts the metric so that the same impinging beam is steered toward a different angle θ o > θ i . a modified approach [36] , whose implementation relies on the previously introduced "optical null medium" [37] . Though simplified, this implementation still requires material constituents with extreme parameters: one with very high permittivity and permeability, and the other with near-zero permittivity and permeability.
From the aforementioned discussion, it appears that a practical, broadband implementation is not at hand, and there is still considerable room for research. Accordingly, we propose here an alternative TO-based approach that yields constitutive parameters without extreme values (with possibly nonmagnetic character) and with moderate anisotropy, which admit a potentially broadband implementation in terms of inclusions made of thin metallic plates [38] . More specifically, in Section II, we describe the problem geometry and outline its conceptual formulation. In Section III, we detail the metamaterial radome design, from the analytically derived, TO-based constitutive blueprints to the actual implementation. In Section IV, we illustrate some representative results, and validate our approach via rigorous full-wave numerical simulations. Finally, in Section V, we provide some closing remarks and perspectives.
II. PROBLEM GEOMETRY AND FORMULATION
The geometry and general idea underlying our approach are schematized in Fig. 1 . Throughout this paper, we assume an implicit exp (−iωt) time-harmonic excitation, and a 2-D scenario, with all fields and quantities independent of z, and transverse-magnetic (TM) polarization (i.e., z-directed magnetic field). We begin considering an auxiliary vacuum space with coordinates r ≡ (x , y , z ) [and associated cylindrical reference system (r , θ , z )] where an equivalent aperture field distribution located at the x = 0 plane (representative of the phased-array antenna) radiates a directive beam [schematized as a thick arrow in Fig. 1(a) ] along a direction θ i with respect to the x axis. Next, we consider a 2-D coordinate transformation to a distorted reference frame r ≡ (x, y, z) [and associated cylindrical reference system (r, θ, z)]
confined to a finite region nearby the aperture. Even though arbitrary shapes are possible, for simplicity, we assume such region to be the annular domain R 1 < r < R 2 , −π/2 < θ < π/2. The aforementioned mapping belongs to the general class of "finite embedded coordinate transformations" introduced in [39] . As conceptually illustrated in Fig. 1(b) , it locally distorts the energy flow so that the impinging beam [cf., Fig. 1(a) ] is gradually steered and exits the annular region with a different direction
with α > 1 denoting a desired enhancement factor. Following the TO approach [11] , and invoking the forminvariance properties of Maxwell's equations, the aforementioned effects can be equivalently obtained by filling the annular domain R 1 < r < R 2 , −π/2 < θ < π/2 with an anisotropic, inhomogeneous medium characterized by relative permittivity and permeability tensors
where det, −1 and −T denote the determinant, inverse, and inverse transpose, respectively, whereas Λ ≡ ∂F/∂r is the Jacobian matrix associated with the coordinate transformation in (1) .
In what follows, we address the judicious choice of the coordinate transformation, as well as the practical implementation of the TO-based constitutive "blueprints" in (3).
III. METAMATERIAL RADOME DESIGN

A. Coordinate Transformation
To implement the manipulation schematized in Fig. 1 , we choose a 2-D coordinate transformation
with the following boundary conditions:
In particular, (5a) and (5c) ensure that the transformation reduces to the identity at the interior boundary r = R 1 , whereas (5b) and (5d) yield the desired steering condition in (2) at the exterior boundary r = R 2 . This last condition also implies that, as inherent of finite embedded coordinate transformations [39] , the aforementioned mapping cannot reduce to the identity at the exterior boundary, which in turn indicates that perfect impedance matching cannot be attained (see also our discussion later).
The coordinate transformation in (4) [with (5)] differs from those in previous approaches [35] , [36] due to the presence of the radial mapping F r (r) in (4a), which reduces to the identity at the boundaries r = R 1 and r = R 2 [cf. (5a) and (5b)], but is generally nonidentical inside the annular domain R 1 < r < R 2 . This introduces additional degrees of freedom, which can be exploited: 1) to minimize the anisotropy of the arising transformation medium and 2) to control its magnetic character so as, e.g., to render its effective magnetic permeability constant.
B. TO-Based Constitutive Blueprints
By particularizing the general TO-based constitutive blueprints (3) to our chosen coordinate transformations in (4), we obtain for the constitutive tensors (in cylindrical components)
where the overdot denotes differentiation with respect to the argument and, for notational compactness, we have omitted the explicit dependence on r of the functions F r and F θ . The transformation medium described by the constitutive relationships in (6) is generally inhomogeneous and anisotropic. In view of the assumed TM polarization, we can restrict our attention to the in-plane (r, θ) permittivity components and the z-component of the permeability. By diagonalizing the tensors in (6), we obtain a more insightful interpretation in terms of a uniaxially anisotropic medium with real-valued components (in view of the symmetric character of the tensors) and tilted optical axis (depending on the local direction of the eigenvectors). By calculating the eigenvalues of (6), we obtain that positive values of the permittivity components in this principal reference system can be enforced via the condition
whereas the condition for positive permeability directly follows from (6) as
As previously mentioned, the coordinate transformation in (4) [with (5)] inherently yields an impedance mismatch. In what follows, we focus on moderate values of the enhancement factor (α = 1.25), for which a rough estimate of the associated reflections can be worked out (see Appendix for details), which relates the standing-wave-ratio (SWR) to α, viz.,
From the aforementioned equation, we gather that the impedance mismatch should be tolerable for the targeted enhancement factor. However, for significantly larger values of α, the aforementioned estimate may become inaccurate, and the impedance mismatch no longer tolerable.
C. Parameterization and Optimization of the Coordinate Transformations
With a view toward a practical metamaterial implementation in terms of inclusions made of thin metallic plates (along the lines of [38] ), it makes sense to enforce upfront some expected characteristics. First, it is known that, for the assumed TM polarization, the aforementioned implementation yields metamaterials characterized by almost constant, nearly-one relative permeability [38] . We, therefore, enforce the condition
which, from (6), yields a constant value μ z of the relevant relative-permeability component. The aforementioned condition implies that the mapping function F r and F θ cannot be chosen independently. For the mapping function F r , we choose a rather general polynomial parameterization
with a n denoting dimensionless, real-valued coefficients to be determined. By enforcing the boundary conditions in (5), with the function F θ calculated from (10), we obtain a linear system of four equations in the unknown coefficients a n , which we exploit to calculate analytically the lowest order coefficients (n = 0, . . . , 3). The remaining two coefficients (a 4 and a 5 ), together with the relative permeability μ z , are in principle free parameters that can be exploited to optimize the transformation. However, anticipating the metamaterial implementation detailed in Section III-D, we select μ z = 0.9 as a realistically attainable value, and choose the coefficients a 4 and a 5 by minimizing the anisotropy of the transformation medium. By letting ε max and ε min the maximum and minimum permittivity components, respectively, of the relative permittivity tensor in (6) in the principal reference system (i.e., the in-plane eigenvalues), the optimization problem can be mathematically formulated as minimizing the cost function
Given the low-dimensional character of the optimization space, exhaustive search is a computationally affordable route for the aforementioned problem. In our numerical implementation, the annular region of interest R 1 < r < R 2 , 0 < θ < π/2 (due to symmetry) is uniformly sampled on a 21 × 19 grid. Moreover, we enforce positive values of the permittivity components by discarding candidate solutions that do not satisfy the condition in (7). Fig. 2(a) shows the cost function within the region a 4 , a 5 ∈ [−2, 2], for a configuration with α = 1.25, R 2 = 1.467R 1 , and the other parameters given in the caption. A rather deep minimum can be observed, which is rather broad along a specific direction in the parameter space. An exhaustive search, with progressive restriction of the search space and refinement of the sampling step (up to 0.001) yields the global minimum indicated with a red-cross marker. Fig. 2(b) shows the resulting optimized mapping functions. The resulting constitutive parameters are shown in Fig. 3 . More specifically, the two plots show the spatial distributions of the minimum [see Fig. 3(a) ] and maximum [see Fig. 3(b) ] relative-permittivity components in the principal reference system, whose local axes (eigenvector directions) are shown as short red segments. As it can be observed, parameters are everywhere positive, without extreme values. The anisotropy is moderate, in line with the values that can be attained with practical implementations based on thin-metallic-plate inclusions [38] .
D. Metamaterial Synthesis
The TO-based constitutive blueprints in (6) loosely resemble those considered in [38] in connection with a "rotation cloak." It, therefore, makes sense to follow a similar metamaterialsynthesis approach based on thin-metallic-plate inclusions.
To this aim, as schematically illustrated in Fig. 4(a) inset, we consider a square unit cell of sidelength d, containing a rectangular metallic inclusion of sidelengths L 1 and L 2 . For this structure, we extract the effective constitutive parameters following the procedure detailed in [38] , which is in turn based on the general approach introduced in [40] . Fig. 4 shows the extracted constitutive parameters, assuming a reference frequency of 14.5 GHz, and the rectangular inclusion oriented along the (6)], respectively, in the principal reference system. As a reference, the local directions of the principal axes (eigenvectors) are shown as short red segments. Note the inverted colorscales in the two plots.
x-and y-axes. More specifically, to simplify the practical implementation, we fix the dimension L 1 = 0.5 mm, and are, therefore, left with only one degree of freedom (L 2 ). To extract the constitutive parameters, we perform two full-wave numerical simulations (see Section IV-A for details), with the inclusion side of length L 2 oriented along the y-and x-axes [see the insets in Fig. 4(a) and 4(b) , respectively], and assuming infinite periodicity along the y-direction and normally incident, TM-polarized plane-wave illumination. From the computed scattering parameters, we extract the in-plane relative-permittivity components ε y and ε x [shown in Fig. 4(a) and 4(b) , respectively, as a function of L 2 ] and the out-of-plane relative-permeability component μ z . For this latter, as also observed in [38] , the values extracted considering the two orthogonal inclusion orientations are slightly different (∼ 9%, on average); the values shown in Fig. 4(c) correspond to the average of these two cases. By comparing the attainable constitutive parameters in Fig. 4 with the targeted TO-based blueprints in Fig. 3 , the following observations are in order. First, our metamaterial implementation exhibits the anticipated weak magnetic response, with mild dependence on the inclusion size, which justifies our assumption of μ z = 0.9 in the TO-based blueprints. Second, unlike the TO-based blueprints, both relative-permittivity components in our metamaterial implementation are larger than one. Strictly speaking, this implies that an exact synthesis is not possible. Nevertheless, as also pointed out in [38] , the basic functionality of the device is still preserved if the synthesis is relaxed in such a way that, instead of requiring the exact parameter matching, only the anisotropy ratio (ε max /ε min ) and the optical-axis direction are matched. This relaxed synthesis is compatible with our metamaterial implementation in Fig. 4 , and its inherent imperfection mainly affects the impedance matching. Accordingly, to synthesize the TO-based blueprints in Fig. 3 , assuming R 1 = 75 mm and R 2 = 110 mm, we discretize the domain of interest with a uniform polar grid with 842 cells of size ≈ 3.5 mm (i.e., ≈ λ 0 /6, with λ 0 denoting the vacuum wavelength at the reference frequency of 14.5 GHz). In each cell, we place a thin-metallic-plate inclusion, with L 1 = 0.5 mm, orientation suitably chosen so as to match the local principal reference system, and the sidelength L 2 extracted from Fig. 4 so as to match the local anisotropy ratio. This yields a preliminary structure comprising 842 inclusions with sidelength L 2 within the range [0.945-3.2 mm]. To simplify the structure and assess its robustness with respect to fabrication tolerances, we subsequently introduce a five-level quantization of the L 2 values (from 1 to 3 mm, with step of 0.5 mm), and progressively decimate the smaller inclusions, by monitoring the effects in the simulated EM response (see Section IV-A for details). Fig. 5 shows the final outcome of this procedure, in which only 566 inclusions of two different types (270 with L 2 = 2.5 mm, and 296 with L 2 = 3 mm) are retained.
IV. REPRESENTATIVE RESULTS
A. Numerical Modeling and Observables
Our numerical modeling of the TO-based and synthesizedmetamaterial structures rely on the finite-element-based commercial software package COMSOL Multiphysics [41] . More specifically, for the metamaterial parameter extraction in Section III-D (see Fig. 4 ), we consider a square unit cell of size d = 3.5 mm, with Bloch-type periodicity conditions along the y-direction and two port-type terminations placed at a distance of 21 mm along the x-direction. For each value of L 2 , and for the two possible orientations of the unit cell [see Fig. 4 (a) and (b)], we compute the scattering parameters, assuming a normally incident, TM-polarized plane-wave illumination at 14.5 GHz. In our simulations, the standard (MUMPS) solver is utilized, and the structure is discretized via an adaptive mesh with default parameters and maximum element size of λ 0 /100, which results in about 120 000 degrees of freedom. Here, and henceforth, the inclusions are assumed as perfectly electric conducting. From the computed scattering parameters, the effective constitutive parameters are extracted by following the standard procedure detailed in [38] and [40] .
For computing the EM response (near-field map and radiation pattern) of the TO-based and synthesized-metamaterial structures, shown hereafter, we consider a circular computational domain of radius 180 mm, terminated by a perfectly matched layer with thickness of 20 mm. The phased-array excitation is simulated via an aperture field distribution of width 148 mm, located at x = 0 (see the schematic in Fig. 1) , with a linear-phasing and a Taylor-type amplitude taper [42] yielding an incident beam along a desired input direction θ i and a sidelobe level (SLL) not exceeding −17 dB. Also in this case, we utilize the standard solver and an adaptive meshing with maximum element size set to λ 0 /20, which yields about 3 million degrees of freedom. From the near-field distribution, the SWR is estimated as the ratio between the (average) maximum and minimum magnitude values of the standing-wave profile within the inner region r < R 1 , whereas the radiation pattern is computed via the embedded farfield option in COMSOL Multiphysics.
B. Results
Fig . 6 shows the response of the radome, for an incident beam with θ i = 40 o , when the ideal TO-based constitutive blueprints in (6) are assumed. From the near-field map [see Fig. 6(a) ], we can observe the steering effect, and from the standing-wave pattern in the inner region r < R 1 , we can estimate a SWR ≈ 1.5, which is in line with the prediction in (9) . The angular enhancement is more apparent in the far-field pattern [see Fig. 6(b) ], with the output beam pointing at θ o = 52 o , in accord with the targeted factor α = 1.25. Fig. 7 shows instead the response obtained by assuming the actual metamaterial implementation based on thin-metallicplate inclusions (see Fig. 4) . Results look qualitatively similar to the previous case. The standing-wave pattern in the inner region o ) for which the input beam maintains a sufficiently narrow and well-defined profile. As it can be observed, the results pertaining to the ideal TO-based blueprints closely follow the nominal characteristic. Those pertaining to the synthesized metamaterial exhibit a mild nonlinearity, with a slope that is slightly larger than the nominal one for smaller angles, and moderately decreases for larger angles. These departures are attributable to the various simplifications and approximations introduced in the metamaterial synthesis, and may be overcome by affording more complex implementations, e.g., by utilizing inclusion geometries featuring additional degrees of freedom. Nonetheless, it is remarkable that our simple proof-of-principle implementation in Fig. 5 (featuring only two types of inclusions) captures the essential angle-enhancement functionality to a fairly reasonable extent. We also point out that the observed SLL in the output beams of all examples previously is < −15 dB on average, and never exceeding −12 dB.
One attractive feature of our proposed approach and implementation is their potentially broadband character, since they do not rely on resonant constituents. To illustrate this aspect, Fig. 9 shows the input-output characteristics of the inclusionbased structure at 12.5 and 15.5 GHz, which are very similar to those in Fig. 8 . Fig. 10 shows a representative behavior (for θ i = 40 o ) of the enhancement factor, SWR, and SLL within the aforementioned frequency range. It can be observed that the en- Fig. 9 . As in Fig. 8 , but for the inclusion-based structure operating at 12.5 (purple-diamond markers) and 15.5 GHz (orange-triangle markers). hancement factor remains constantly close to the targeted value (α = 1.25), and the levels of SWR and SLL remain satisfactorily low. At frequencies higher than 15.5 GHz, the output beam for θ i = 0 exhibits a slight splitting, which is likely attributable to the particularly aggressive decimation of the inclusions in the central region of the radome (see Fig. 5 ). At frequencies lower than 12.5 GHz, the input beam ceases to exhibit a well-defined profile for larger angles (θ i ∼ 60 o ), and so the corresponding results are not meaningful. Nevertheless, even though no specific optimization was performed in this respect, a bandwidth of over 20% is attained.
V. CONCLUSION
To sum up, we have presented a TO-based design of a metamaterial radome for extending the scanning angle of phased-array antennas. In particular, we have introduced a new coordinate transformation, which via suitable parameter optimization, yields some constitutive blueprints that do not involve negative and/or extreme-parameter media, and are compatible with a metamaterial synthesis based on thin-platemetallic inclusions. We have characterized the synthesized metamaterial structure via full-wave numerical simulations, illustrating its robustness and bandwidth properties, as well as its current limitations. Overall, the attained synthesis provides a proof-of-principle demonstration that paves the way to a technologically viable, robust, and potentially broadband implementation. Within this framework, the fabrication and experimental characterization of a Ku-band prototype is currently under way.
Among the possible future developments, it is worth mentioning the study of new classes of coordinate transformations that can mitigate the impedance-mismatch. For instance, a first-order impedance-matching condition at the boundary r = R 2 could be realized by relaxing the identity condition in (5b). Also of interest is the exploration of different radome shapes and arbitrary polarizations, as well as metallodielectric implementations that are better suited to additive fabrication technologies such as 3-D printing.
APPENDIX IMPEDANCE MISMATCH
In the auxiliary vacuum domain [see Fig. 1(a) ], the radiated magnetic field can be expanded in terms of angular-momentum modes H z m (r , θ ) = H 
where H
m denotes the mth order Hankel function of the first kind [43] , and k 0 = 2π/λ 0 , the vacuum wavenumber. In the transformed domain [see Fig. 1 
The corresponding θ-directed electric fields can be obtained via the relevant Maxwell's curl equation, viz.
with ε given in (6), η 0 = μ 0 /ε 0 ≈ 377Ω denoting the vacuum characteristic impedance, andû z andû θ unit vectors. From (14) and (15), via some algebra, it follows that a modal impedance can be defined as 
which, particularized at the two boundaries delimiting the radome region yields [taking into account (5)]
Within the validity range of the aforementioned approximation, the wave impedance of the angular-momentum modes is independent of the order m, and varies within the radome region, starting from a value that is matched with vacuum (at r = R 1 ), and growing by a factor that is approximately equal to the angular enhancement factor α (at r = R 2 ). It is important to point out that the inherent θ-dependence of the coordinate transformation in (4) implies a coupling of the angular-momentum modes, and therefore, it is not straightforward to relate the actual wave impedance (which is likewise θ-dependent) to the modal ones. Nevertheless, for moderate values of the angular enhancement factor α, for which the modal coupling can be expected to be not particularly strong, the approximation in (19) may be used as a rough estimate of the (average) wave impedance. This yields in turn the SWR estimate in (9) , which has been verified to be in line with the results obtained via full-wave numerical simulations.
